Chapter 6 — Simulators: How Each Kind of Model
Gets Solved

6.0 Before you start

Where we are. Chapter 4 told you what kinds of model exist. Chapter 5 told you
what happens when one is executed, using deliberately one stepping rule and calling it
the simplest that exists. Between them, Part IT has now promised you seven things and
delivered none of them:

« the taxonomy of stepping rules (Chapter 5, Sec. 5.4.1);

« what stiff means and why it changes your compute bill (Chapter 5, Sec. 5.4.4);

» where the initial state comes from (Chapter 5, Sec. 5.5.1, and before that Chapter
3, Sec. 3.2.3);

e how many runs turn into one answer (Chapter 5, Sec. 5.6);

« what the Functional Mock-up Interface (FMI) actually is (Chapter 5, Sec. 5.7.1);

« what surrogates are for (Chapter 4, Sec. 4.5.3);

 and the machinery for models that are part continuous and part discrete (Chapter
4, Sec. 4.10).

This chapter pays all seven.

The register, stated plainly, because it is the whole design of the chapter.
This chapter teaches what each kind of simulator is for, what it costs, and what to ask
about it. It teaches no method. You will finish unable to implement a finite-element
mesh or a particle filter, and that is deliberate: Part II's job is to make you a competent
interlocutor, not a numerical analyst. What you will be able to do is look at a proposed
twin, name what will have to solve each part of it, predict where the compute goes, and
ask three useful questions per family.

What you are assumed to know. Everything so far. Especially, from Chapter 5: step
size h, sampling interval Ts, macro step H, real-time factor, and the difference between
numerical error and being wrong about the world.

The maths budget. Chapter 4 spent the book’s one derivative. Chapter 5 spent none.
This chapter spends none either: no derivatives, no integrals, no matrices, no probability
notation. There are exactly two pieces of real arithmetic — a state estimate built as a
weighted average of two numbers (Sec. 6.6.2), and a sample-count calculation with a
square root (Sec. 6.7.3). Everything else is a table.

What this chapter deliberately does not cover. Any method’s derivation or
implementation. Calibration and validation — Chapter 7, and Sec. 6.7 is careful that
Monte Carlo propagates stated uncertainty and cannot discover unstated uncertainty.
Machine-learning specifics and their risks — Chapter 8. Tool and platform selection —
Chapter 12. Standards in depth — Chapter 13. Optimisation — Chapter 11.

Learning objectives
By the end of this chapter, you will be able to:

1. Distinguish method, algorithm, solver and simulator, and identify which of the
four a colleague means.



2. Match a model kind to the family of simulator that solves it, and predict which
resource — compute, memory, expertise, or wall-clock latency — will dominate.

3. Explain what stiffness costs, and recognise the three symptoms that suggest a
model is stiff before anyone uses the word.

4. Compute a corrected state estimate from a model prediction and a noisy measure-
ment, and state when a Kalman filter is the wrong tool.

5. Determine how many Monte Carlo runs a stated precision requires, and combine
that with Chapter 5’s cost arithmetic to size a service.

6.1 What’s in a name? Method, algorithm, solver, simulator

Four words, used interchangeably, meaning four things. The confusion costs real money
in procurement conversations, because a vendor selling you a simulator and a modeller
offering you a method are offering inventory that differs by two orders of magnitude in
effort.

Method — the mathematical idea. “Assume the rate of change is constant
across the step and multiply.” Chapter 5’s rule was a method.

Algorithm — the method written as a procedure, with its bookkeeping: how
the step is chosen, how error is estimated, what happens at an event.

Solver — an implementation of one or more algorithms, packaged to be called.
It has a version, a licence, a performance profile and bugs.

Simulator — a solver plus everything around it: loading the model, handling
inputs, scheduling events, recording outputs, reporting failure.

Chapter 3 drew the simulation runner as one box. That box contains a simulator; the
simulator contains a solver; the solver implements algorithms; the algorithms realise
methods. Four layers, and you will inherit decisions at every one.

Why the distinction is practical, in three uses.

Estimating. “We need a new method” is a research project. “We need a different solver”

is an afternoon, if the interfaces line up. “We need a different simulator” is a migration.
When someone says a change is small, ask which layer.

Reproducibility. Chapter 5 required the solver’s identity and version in the recorded inputs
of a reproducible run. Now you can see why the method name is not enough: two solvers
implementing the same method give different numbers, because the bookkeeping differs.

Reading the literature and the marketing. Solvers acquire names and reputations. You
will hear one named in a design meeting as a general-purpose workhorse in dynamic
simulation, chosen for comparisons precisely because it is not specialised to a particular
problem [1]. You do not need to know how it works. You need to know that it is a solver,
not a method, and to ask what happens when it is swapped.




6.2 The chooser

The rest of this chapter is a tour. Here is the map first, so the tour is navigable rather
than merely sequential.

The cost that

If the model It is solved usually First question
is. .. by. .. Section dominates to ask
Quantities Numerical 6.3.1 Compute, if “Is it stift?”
changing integration, one steps are small
smoothly over  step at a time or the model is
time big
The above, plus A solver that 6.3.3 Expertise and “Does it need a
relationships handles tooling Differential-
that must hold algebraic Algebraic
exactly at every constraints Equation
instant alongside rates (DAE) solver,
and does our
tool have one?”
Quantities Finite elements, 6.3.4 Compute and “Can we get
varying across  on a mesh memory, by a away with not
space as well as wide margin resolving
time space?”
Physical Equation- 6.3.5 Licences and “Who else can
components based, acausal specialist skills  maintain this
connected tooling model?”
together
Things Discrete-event 6.4.1 Rarely compute; “What is the
happening at simulation usually event list, and
moments — modelling effort what is
arrivals, random?”
failures, batches
A system in one State machine  6.4.2 Negligible “What happens
of a few modes, execution on an
with transitions unhandled
transition?”
Concurrent Petri nets 6.4.3 Negligible to “Can it
activities run, high to get deadlock, and
contending for right would we see
resources it?”
Many Agent-based 6.4.4 Compute, and  “What does one
autonomous simulation validation run of this
entities with difficulty actually tell
local rules us?”
An expensive A surrogate or 6.5 Offline build “What was it
model you must reduced-order cost, then fitted to, and
run many times model almost nothing  where is it

valid?”



The cost that

If the model It is solved usually First question
is. .. by. .. Section dominates to ask
Any of the A state 6.6 Design effort “What is the
above, plus live estimator on gain doing, and
measurements top does it ever
ignore the
sensor?”
Any of the Monte Carlo 6.7 Compute, “How many
above, with over many runs multiplied by runs, and what
uncertain the run count precision does
inputs that buy?”
Several of the A co-simulation 6.8 Integration “Who owns
above at once orchestrator effort and each solver, and
debugging what is the

macro step?”

Two observations before the tour.

Most twins need several rows. Our greenhouse needs continuous physics for the soil,
discrete events for the pump, a state estimator to fuse the sensor, and eventually Monte
Carlo to answer a what-if. That is four rows, and Sec. 6.8 is about making them run
together.

The right-hand column is the deliverable. If you retain one thing from this chapter,
retain that column.

6.3 Continuous physics
6.3.1 Stepping rules, and what “order” buys

Chapter 5 used one rule — assume the rate holds constant across the step, multiply,
and move on — and demonstrated that halving the step roughly halves the error. That
behaviour has a name: the rule is first order.

The families you will hear named differ in what they do inside a step, and the payoff is
the exponent:

Halving h divides the error

Family What it does inside a step by

Simplest (Chapter 5’s) One rate evaluation, 2
assumed constant

Mid-range Two to four rate 4 to 16
evaluations, combined

High order Many evaluations, combined 32 or more
cleverly




How to read that table, which is the only thing you need from it. A higher-order
rule costs more per step and buys much more accuracy per step, so it usually wins — it
reaches a target accuracy in far fewer, larger steps. Chapter 5’s rule-of-thumb consequence
changes accordingly: with a first-order rule, ten times less error costs ten times more
compute; with a fourth-order rule it costs about 1.8 times more. That difference is why
nobody uses Chapter 5’s rule in production, and why Chapter 5 said so.

The two knobs you actually set are the ones Chapter 5 introduced: a fixed step, or
a tolerance for an adaptive solver. Which family is running underneath is usually the
solver’s business.

6.3.2 Stiffness, and why it changes the bill
Chapter 5 named stiff and promised an explanation. Here it is, in the greenhouse.

The soil dries over days. The pump fills the delivery tube in seconds. Both are in the
same physical system. If you model both with one continuous model and one explicit
stepping rule, the step must be small enough for the fastest behaviour — Chapter 5 showed
what happens above the stability threshold — even though the answer you want concerns
the slowest.

Put numbers on it. Suppose the tube fills with a time constant of 2 seconds, so stability
demands a step of a second or so. Simulate seven days:

7 days = 604,800 seconds
at h=1s -> 604,800 steps

Compare Chapter 5’s Case B, which used h = 15 minutes and needed 672 steps for the
same horizon. Nine hundred times more work, to answer a question about soil.
Figure 6.1 is why.

two timescales in one system

tube filling
(seconds)

every one of these needs a step
soil drying
(days)

this is the behaviour you care about
7 days

an explicit stepping rule must satisfy the FASTEST:
h < about 1s — 604,800 steps

h = 15 min — 672 steps
~900x the work, same answer about the soil

The fix is not a faster machine. It is one of:
— an implicit solver (pays per step, needs far fewer)
— do not model the tube at all (Sec. 6.9.2’s choice)

Figure 6.1 Stiffness. The step size is hostage to the fastest
behaviour in the model, even when the question is
about the slowest.



That is stiffness, and it is why the word is a budget warning. Note the second escape
route in the figure: the cheapest fix for a stiff system is often to stop modelling the fast
part, which is a modelling decision rather than a solver one.

The distinction that resolves it. Chapter 5’s rule is explicit: it computes the next
state directly from the current one. An implicit rule computes the next state by solving
an equation that involves the next state — more work per step, and stable at vastly
larger steps. Implicit solvers exist precisely for stiff models, and adaptive-step solvers are
described as customary for stiff systems that mix continuous and discrete dynamics [2].

Three symptoms that suggest stiffness before anyone says the word:

1. The physical system has behaviour on timescales differing by three orders of magni-
tude or more — seconds and days, in our case.

2. The run is far slower than the model’s size suggests it should be.

3. An adaptive solver reports taking enormous numbers of tiny steps in a period where,
physically, nothing is happening.

And the cheapest fix, which is not a numerical one. Do not put the fast behaviour
in the continuous model. The pump fills in seconds and the decision is about days; Chapter
4’s assumption A3 already said the water mixes fast compared with the sampling interval,
so the tube filling can be an event rather than a continuous process. Sec. 6.4 is about how
events get executed, and Sec. 6.4.5 about mixing the two. Reformulating the model
beats buying a better solver, when you can do it — and noticing that you can is a
modelling conversation you are now equipped to have.

6.3.3 When rates are not enough: algebraic constraints

Some relationships are not about rates of change at all. They must hold exactly, at every
instant. In the greenhouse: the water leaving the reservoir equals the sum of the water
entering the pots, at all times. Nothing about that is a rate; it is a bookkeeping identity.

A model with both kinds of relationship — rates and instantaneous constraints — needs a
solver that handles both together. You will hear the combination called a differential-
algebraic system, and it is standard in engineering practice; lumped-parameter system
models are routinely formulated either as pure-rate systems or as this combined kind
3], and equation-based tooling explicitly transforms the implicit combined system before
handing it to a numerical solver [4].

What this means for you, in one sentence. Constraints are not free: a model with
them needs a more capable solver, and “our tool cannot handle that” is a real answer you
may get. Ask early, because discovering it late means changing tools.

6.3.4 Space as well as time

Everything so far treats a quantity as one number for the whole object. Our pot has “the
moisture”, as though the soil were uniformly wet. It is not: the top dries first, the region
under the dripper is wetter, roots draw water unevenly.

Modelling that requires the quantity to vary across space as well as time, and the standard
machinery is finite elements: chop the object into many small pieces, solve on each,
and stitch them together. Physics-based simulations of this kind are described as front



and centre in domains such as aerospace research [5], and they are one of the standard
families in the mechanical design space alongside multibody dynamics and computational
fluid dynamics [3]. Treatments of modelling for twins present the progression explicitly: a
simplified model based on rates over time, then a more advanced one that also resolves
space [6].

The cost, and it is the biggest jump in this chapter. Chapter 5’s Case C made
the point with a factor of forty thousand. Resolving space multiplies the state from one
number to thousands or millions, and the compute and memory follow. Structural-health
work using this machinery routinely reports building fast approximations specifically
because the full model is too slow to run repeatedly [7] — which is Sec. 6.5’s subject and is
a strong hint about how often the full model is affordable online.

The question to ask, and it is the first row of the chooser for a reason: can we get
away with not resolving space? Chapter 1’s principle answers it — fidelity is derived from
the value metric. Our fault detector compares an expected step against an observed one
at one sensor. One number is enough. A model that resolves the pot in three dimensions
would be more faithful, cost four orders of magnitude more, and change no decision.

6.3.5 Equation-based, acausal tooling

One more thing you will meet by name. Ordinary programs are causal: you write what is
computed from what. A resistor model in ordinary code has to decide whether it computes
current from voltage or the reverse.

Acausal modelling languages let you write the relationship — the equation — and let
the tool work out, per use, which variable to solve for. Components then connect like
physical components rather than like function calls, which is why the approach dominates
in engineering domains where systems are assembled from parts. The best-known such
language is Modelica, an equation-based, object-oriented language for modelling physical
systems [4], and the surrounding ecosystem is large enough to matter as an argument in
its own right — an open standard with many tools, backends, domain libraries and related
standards [2].

What to take from this as a software engineer. Two things, and one warning.

It is a genuinely different programming model, and if you review such a model expecting
to read execution order, you will not find it. The tool derives it.

It composes physically. Connecting a pump model to a pipe model to a pot model works
the way connecting the real components works, which is a real advantage over hand-wiring
inputs and outputs.

And the warning: this is specialist tooling with specialist skills and often specialist licences.
The chooser’s question — who else can maintain this model? — is a staffing question, and
it is the one that usually decides.




6.4 Discrete and computer-based models

Chapter 4 named these and deferred them. They matter more than their brief treatment
in this book suggests, because a great deal of what a twin represents is not a smoothly
varying quantity at all.

6.4.1 Discrete-event simulation

Chapter 5’s loop advanced a clock in fixed steps and asked at each one whether anything
had happened. For a system where things happen rarely, that is almost all wasted work.

Discrete-event simulation inverts it: keep a time-ordered queue of pending events,
jump straight to the next one, process it, schedule whatever it causes, repeat. Simulated
time leaps rather than steps.

A trace from the greenhouse, showing the queue rather than a clock:

queue: [09:16 water(plantl,100ml), 09:16 water(plant2,80ml), 17:05 water(plantl,120ml

pop 09:16 water(plantl,100ml)

-> relay coil O closes; schedule 09:16:03.5 stop(plantl)
pop 09:16 water(plant2,80ml)

-> relay coil 1 busy; enqueue behind; schedule retry 09:16:03.5
pop 09:16:03.5 stop(plantl)

-> coil O opens; the queued plant2 request proceeds

Between 09:16:03.5 and 17:05 the simulation does nothing at all, because nothing happens.
Seven hours pass in zero steps.

This is the natural formalism for factory flow, queues, batches and resource contention,
and it is used that way in twin practice — reviews of smart-manufacturing twins report
discrete-event simulation as the tool for process flow design and planning, including
in non-automated processes [8], and roadmaps for twin construction list it among the
formalisms to be chosen deliberately at design time alongside differential equations and
Petri nets [9]. There is an established formalism behind it, used for queueing networks and
performance models and described as something close to a simulation assembly language
[4]; you do not need it, you need to recognise the name.

What to ask: what is the event list, and what is random? If arrival times or durations
are drawn from distributions, one run is one sample — which is Sec. 6.7’s problem, and it
arrives here first.

6.4.2 State machines

The smallest formalism in the chapter, and the one you already use. A system in one
of a few named modes, with transitions between them: the pump is idle, pumping, or
faulted; the greenhouse is day, night, or maintenance.

State machines cost nothing to execute and are the right representation whenever the
interesting behaviour is which mode we are in rather than what value a quantity has.
Practical modelling stacks list them alongside continuous-time and discrete-event models
as one of the techniques from which a twin’s overall model set is assembled [10], and there



are catalogues of patterns for augmenting twin models with exactly this kind of behaviour
[11].

What to ask: what happens on an unhandled transition? A state machine that silently
ignores an impossible event is a state machine that will diverge from the physical twin
and never say so — which, note, is Chapter 4’s silent failure wearing different clothes.

6.4.3 Petri nets

When several activities run concurrently and contend for shared resources, plain state
machines multiply out badly. Petri nets describe such systems with places holding
tokens, and transitions that consume tokens from some places and produce them in others.
Concurrency and contention are expressed directly rather than enumerated.

The greenhouse has a real instance. One relay module has four coils; six plants want
watering; the twelve-volt supply serves all the pumps. A token in the “coil free” place is
consumed when watering starts and returned when it stops. The interesting questions
are then structural: can two plants water simultaneously? Can a request wait forever?
Petri-net-based discrete-event methods are used to build twins of manufacturing systems
for precisely this class of question [8], and they appear alongside differential equations
and event formalisms in the list of languages a twin project chooses from [9].

What to ask: can it deadlock, and would we notice? The payoff of this formalism is that
the question is answerable by analysis rather than by running the system and hoping —
which is the same payoff you get from a type system, and will be a familiar trade.

6.4.4 Agent-based simulation

Many autonomous entities, each following local rules, with the system’s behaviour emerging
from their interaction. Traffic, crowds, markets, ecosystems, robot fleets.

It is a poor fit for one pot, and worth naming for two reasons. First, because you will
meet it, and its analytical treatment is an active topic — data assimilation techniques
for state estimation have been extended to discrete-event and agent-based models [12].
Second, because its characteristic difficulty is a good lesson in miniature: an agent-based
model is easy to build, easy to make plausible, and hard to validate, because there is
rarely a measurement of the emergent quantity it predicts.

What to ask: what does one run of this tell us? Usually the honest answer is “very
little” — these models are almost always run many times (Sec. 6.7), and a proposal that
shows you a single agent-based run as evidence is showing you an anecdote.

6.4.5 Hybrid: continuous plus discrete

Our pot has been hybrid all along. The soil dries continuously; the doses are events.
Chapter 5 handled this informally by testing for a dose inside each step, and Chapter 5
also showed the price: the run behaved as though a 17:05 dose happened at 16:20.

The principled version interleaves the two properly. The execution loop alternates
advancing continuous behaviour with checking for and processing discrete transitions, and
terminates on reaching a time limit, a state configuration, or another criterion — with the
system’s mode and both its discrete and its continuous variables all liable to change at



each iteration [6]. The formal machinery for combining discrete and continuous behaviour
in one model is a named subject in its own right [4], [6].

The engineering consequence, which is Chapter 5’s Sec. 5.7.3 arriving from
the other side. Somebody must decide what happens when an event lands in the middle
of a continuous step. Chapter 5 showed that the naive answer silently moves the event by
up to a step. A proper hybrid simulator will instead stop the continuous step at the event,
handle it, and restart — which is more correct and, per Chapter 5’s Sec. 5.4.3, exactly the
pattern that degrades an adaptive solver’s efficiency. There is no free choice here, only a
stated one.

6.5 Data-driven: surrogates, reduced-order models, and physics-
informed machine learning

Chapter 4 introduced surrogates and said they belong here, “where speed becomes a
design constraint”. Now it is.

6.5.1 What a surrogate is for

A surrogate is a fast approximation fitted to a slower model’s outputs. Chapter 4’s
warning stands and is worth repeating because it is the most misunderstood point in
the family: a surrogate is fitted to a model, not to reality, so it inherits every
one of that model’s assumptions and adds approximation error of its own. It
solves a speed problem, not an accuracy problem.

The speed problem is the one Sec. 6.3.4 created. A reduced-order model is a surrogate
built by discarding structure the answer does not depend on; such models sit at the
intersection of high-fidelity physics simulation and data-driven modelling, and trade some
accuracy for much greater computational speed [13]. The economics are explicitly offline-
for-online: computational time is invested once, in advance, so that models otherwise
intractable in a real-time or many-query context can be used [3], [14].

Where they show up in twins. Wherever the expensive model must run repeatedly:
model updating driven by sampling procedures that need thousands of evaluations [7],
evolutionary optimisation whose function-evaluation counts are otherwise prohibitive [15],
and twins built from libraries of component-level reduced-order models so that a fleet can
be served at scale [16].

Two questions to ask, and the second is the one people forget:

What was it fitted to, and over what range of conditions? Outside that range you are
extrapolating, with Chapter 4’s silent failure.

What happens when the underlying model changes? The surrogate is now stale, and
refitting it is an offline job. A base model that is refitted weekly and a surrogate refitted
quarterly is a twin that is quietly running last quarter’s physics.
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6.5.2 Physics-informed machine learning

Chapter 4 named this as the constrained learning form of hybrid modelling and deferred
the mechanics. The mechanics, at the level this book needs: the fitting procedure is given
an extra penalty for producing predictions that violate known physics, which pushes the
fitted model toward physically compliant answers — reported as the commonest route to a
hybrid physics-and-machine-learning model [14].

What it buys, and the honest limit. It buys better behaviour where data is thin,
because physics fills the gap. It does not buy immunity from Chapter 4’s extrapolation
problem: reviews note that predictions from physics-informed models and from models
with online updating can still fail unexpectedly on inputs unlike anything in training, and
that such failures reduce trust and limit real-world adoption [15].

That limit is why Chapter 7 exists, and why Sec. 6.6’s estimator — which keeps pulling
the model back toward measurements — matters even when the model is good.

6.6 Keeping the twin in sync: state estimation

This is the third time the book has deferred this component. Chapter 3 drew it, Chapter
4 distinguished it from the model, Chapter 5 said a run’s answer depends on its initial
state as much as on its model. Here is the mechanism.

6.6.1 The problem

You have a model that predicts the pot’s moisture. You have a sensor that reports it.
They disagree. The model is approximate; the sensor is noisy. Which do you believe?

“The sensor, it is real” is wrong, and seeing why is the point. A single reading carries the
sensor’s noise. A model prediction carries the model’s error but averages over the noise of
every reading that fed it. The right answer is neither: it is a combination, weighted by
how much you trust each.

That is what a state estimator does, and the twin literature treats it as core — monitoring
the physical twin’s states is described as the ability that delivers advanced visualisation,
fault detection and reduced maintenance cost, with the estimator providing an estimate
that is better than the one obtained from a single measurement alone [17].

Every estimator in this chapter runs the same two-step cycle:

Predict. Advance the model from the last estimate to now. Correct. Pull
the prediction toward the new measurement, by an amount reflecting how
much each is trusted.

Figure 6.2 traces one turn of that cycle, and the thing to watch is where the estimate
lands: never on the model’s prediction, never on the reading, always somewhere between.
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moisture

o measurement (noisy)

lands BETWEEN, nearer

estimate — * . .
whichever is trusted more

model prediction
(drifts, but smooth)

t—2 t—1 t

x predict: advance the model from the last *
o correct: pull toward the new reading

Trust the sensor more — * sits nearer o
Trust the model more — s sits nearer X

Figure 6.2 One predict-correct cycle. The estimator’s output is
a third quantity, and believing either input on its
own is the mistake Sec. 6.6.1 opens with.

That third quantity is the answer to “which do you believe?”, and it is why Chapter 3
drew the state estimator as its own component rather than folding it into the store: it
produces something neither the connector nor the model has.

6.6.2 The correction, as arithmetic

Here is the entire idea, on our pot, with no matrices.

At 14:00 the last estimate and the model give a prediction. The sensor reports a reading.
Each comes with a spread — a number saying how far off it is typically likely to be:

model prediction m_pred
sensor measurement m_meas

636 spread 8
630 spread 5

Weight each by one over its spread squared — more certain means more weight:

w pred =1/ 872 =1/64
w meas = 1 / 572 = 1/25

0.015625
0.04

Combine them as a weighted average:

(0.015625 * 636 + 0.04 * 630) / (0.015625 + 0.04)
(9.9375 + 25.2) / 0.055625
631.7

estimate

And the spread of the combination:
spread = square root of ( 1 / (0.015625 + 0.04) ) = 4.24
Read those two results, because both are surprising the first time.

The estimate is 631.7, closer to the measurement than to the prediction. That is right:
the measurement was the more certain of the two, so it pulled harder.
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The spread is 4.24 — smaller than either input’s. Combining two independent imperfect
sources gives you something better than the best of them. This is the reason state
estimation exists, and it is why a twin can report a state more accurate than its own
Sensor.

The gain. The same result, rewritten the way you will see it in a design document:

gain = w_meas / (w_pred + w_meas) = 0.04 / 0.055625 = 0.72
estimate = prediction + gain * (measurement - prediction)
= 636 + 0.72 * (630 - 636) = 631.7

The gain is how far toward the measurement the correction pulls: 0 means ignore the
sensor, 1 means ignore the model. Here it is 0.72, meaning “trust the sensor about three
quarters of the way”.

That is the Kalman filter. The real one does this for many state variables at once,
which is where the matrices come in, and it computes the spreads as it goes rather than
being handed them. The idea is the arithmetic above. It is presented in twin-specific
tutorials in exactly this predict-then-combine shape, on a running example of a small
physical system [17], and it is not confined to teaching examples. One reported offshore
deployment builds its twin on physical models, checks the result against measurements
from a real turbine at full size, and uses a Kalman filter over a linearised model to recover
structural quantities that are not directly instrumented [18].

Why you should care about the gain specifically. It is inspectable, and it is
diagnostic. A gain that has drifted near 1 means the twin has stopped believing its model
— so why keep it? A gain near 0 means the twin is ignoring its sensor, which is either a
correct response to a broken sensor or a twin that has stopped tracking reality. Chapter
3’s monitoring should carry it, and Chapter 7 will ask about it.

6.6.3 When the Kalman filter is the wrong tool

It is optimal under conditions, and the conditions are real. The most commonly-stated
limit is bluntly practical: only linear systems can use a Kalman filter, and a non-linear
system needs something else [19].

The alternative you will hear named is the particle filter: instead of one estimate with
a spread, carry a cloud of sampled possible states, advance them all through the model,
and weight them by how well each explains the measurement. It is chosen in twin work
for two stated reasons: it makes fewer assumptions about non-linearity and about the
shape of the noise than a Kalman filter does, and it composes well with surrogate models
[14]. Reviews of predictive maintenance report both in use, as statistical approaches to
noise reduction, with the particle filter reached for when the system is non-linear [19], and
battery health work compares them directly [20].

The cost, and it is the one that lands on you. A particle filter runs the model once
per particle per step. A thousand particles means a thousand times the simulation cost —
which is Chapter 5’s Sec. 5.3.4 arithmetic again, and it is why Sec. 6.5’s surrogates and
this section keep appearing in the same sentence in the literature.

13



6.6.4 What to ask
Three questions, in order of how often the answer is interesting:

1. What is the gain doing over time? A drifting gain is the single most informative
number a twin can show you about its own health.

2. What happens when a measurement does not arrive? The estimator should
predict without correcting, and its spread should grow — which is Chapter 2’s age-
of-twin acquiring a number, and Chapter 3’s staleness guard acquiring a threshold
it can actually test.

3. What happens when a measurement is wildly wrong? A sensor reporting
nonsense should be rejected, not averaged in. Ask whether there is such a check,
because the arithmetic of Sec. 6.6.2 has no opinion about it.

6.7 Uncertainty and what-if at scale: Monte Carlo
6.7.1 One run is not an answer

Chapter 5 said a seed makes a run repeatable, not correct, and handed the consequence
here. The consequence is this: if anything feeding a simulation is uncertain — and
something always is — then one run tells you what happens for one set of guesses.

Our pot: k was fitted from data and is not exactly 4. Call it somewhere between 3.5 and
4.5. The question “will moisture be below 500 in 24 hours if I water 100 ml now?” has no
single answer, because the answer depends on which k is true.

Monte Carlo is the blunt, general, entirely reliable response: sample the uncertain inputs,
run the simulation once per sample, and treat the spread of outcomes as the answer.

for run in 1..N:
draw k from its range
draw any other uncertain input
simulate
record the outcome
report: the fraction of runs below 500, and the spread

The output is no longer “moisture will be 5127, It is “moisture will be below 500 in about
10% of plausible cases”. For every decision in this book so far, the second statement is the
useful one.

6.7.2 Why this is the workhorse

Because it needs nothing from the model. It does not care whether the model is continuous,
discrete, agent-based, learned or a co-simulation of all four. It treats the simulator as a
black box and samples around it. That generality is why it appears across every twin
domain in the corpus: propagating uncertainty sources to the uncertainty of outputs
[15], sampling procedures updating the probability distribution of a structural state from
noisy observations [7], [21], posterior trajectories that let a clinical twin quantify risk
for risk-aware decision-making [22], and probabilistic foundations that keep updating
principled and able to scale to a fleet [16].
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It is also embarrassingly parallel: every run is independent, so a thousand runs on
a hundred cores take ten runs’ worth of wall-clock time. That is a rare and welcome
property, and it is yours to exploit rather than the modeller’s.

6.7.3 How many runs? The cost law you must know
This is the section’s practical payoff and the chapter’s second piece of real arithmetic.

Monte Carlo error shrinks with the square root of the number of runs. Concretely, if
the true answer is around 10% and you do 1,000 runs, the uncertainty in your estimate of
that 10% is:

square root of ( 0.1 % 0.9 / 1000 ) = 0.0095

— about one percentage point. So 1,000 runs supports “about 10%, give or take 17. It
does not support “10.3%”.

Now the consequence that decides architectures:

to halve the error: 4 times the runs
to divide it by ten: 100 times the runs -> 100,000 runs

Combine that with Chapter 5’s cost arithmetic and the design falls out. At Chapter 5’s
Case B cost — 672 steps per run, a microsecond a step — 100,000 runs is about 67 seconds.
Fine. At Case C’s cost of 40 milliseconds a step, the same 100,000 runs is 2.7 million
seconds, or 31 days. Not fine, and no amount of engineering closes a gap that size.

Which is why Sec. 6.5 exists. Surrogates and Monte Carlo are a matched pair: the
sampling makes the many-run demand, the surrogate makes the runs affordable. When
you see one in a proposal, look for the other.

6.7.4 The honest limit

Monte Carlo propagates the uncertainty you state. It cannot discover uncertainty you
did not state.

If you sample k between 3.5 and 4.5 but the true k is 6 because the plant was repotted,
every one of your hundred thousand runs is wrong, and the tight spread they produce
will look like confidence. Reports on the foundations of the field make the related point
about method limits directly — sampling becomes extremely inefficient for low-probability
events, which is exactly where a risk question often lives [23].

Deciding what to sample, and whether the ranges are right, is calibration and validation.
That is Chapter 7, and this is the last time this book will defer it.

6.8 Making models work together: orchestration and FMI

Chapter 5 described the co-simulation loop and its three decisions, and said you would
hear FMI named. Here it is.
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6.8.1 What the standard is for

Once a twin has models from several tools — an agronomy group’s soil model, a supplier’s
pump model, your controller — something must let them be stepped together without
each knowing the others’ internals. The Functional Mock-up Interface (FMI) is
the widely used standard for that. Models are packaged as Functional Mock-up Unit
(FMU) components, which can then be handed between tools and stepped alongside
one another [24]. The standard’s contribution is a fixed set of calls: an FMU exposes
them, and whatever environment is orchestrating the run drives the FMU through them —
usually with several other models being driven the same way at the same time [25]. Its
practical value is breadth: a broad span of modelling and simulation tools support it
and can export models as FMUs [6], and it is what open twin frameworks build their
co-simulation on [26], [27].

6.8.2 The one distinction to remember

FMI comes in two flavours, and the difference is entirely about who owns the solver:

Variant The FMU contains The orchestrator must

FMI for Co-Simulation [ts own solver Ask it to advance by a
macro step H

FMI for Model Exchange Only the equations Perform the numerical

integration itself

Figure 6.3 draws the same split as a question about where the solver box sits, which is
the form you can check against a supplier’s deliverable.

FMI for CO-SIMULATION FMI for MODEL EXCHANGE
ORCHESTRATOR ORCHESTRATOR
“advance by H”
SOLVER
FMU
SOLVER FMU
equations only
equations “here is dW/dt”
solver travels WITH the model solver stays with the TOOL
you get: a black box that steps you get: equations you can step
itself; vendor keeps its numerical your way; you own the numerical
choices choices, and the blame

Figure 6.3 The one distinction in FMI. Ask a supplier which
variant they ship and you have learned who owns the
solver — and therefore who owns the step size.

That is the split, stated in the standard’s own terms: an FMU either carries its own solver
or leaves the numerical integration to the simulation environment [25]. The practical
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consequence is Chapter 5’s: whoever owns the solver owns the step size, and the step size
is what Sec. 5.4.4 showed can turn a wrong answer into a meaningless one.

Why this is the distinction worth carrying. It determines who is responsible for
everything in Sec. 6.3. With co-simulation FMUs, each supplier chose their own step size
and stability regime and you cannot see inside; your job is the macro step and the ordering,
and debugging a numerical problem means asking a supplier. With model-exchange FMUs,
you own the integration, which is more work and far more control. When someone says
“we will just use FMI”, ask which one — the two produce different projects.

6.8.3 What the orchestrator does, and what it does not fix

Chapter 5 gave the loop: load, initialise and exchange initial outputs, set time and
step, exchange values, advance, repeat [6]. Concrete implementations follow that shape,
with a master algorithm managing the inter-operating units and a separate component
handling data exchange [24]. A co-simulation framework may allow continuous-time and
discrete-event models to be integrated together, over FMUs [26], which is Sec. 6.4.5’s
hybrid problem being solved at the level of whole models rather than inside one.

What a standard does not fix, and Chapter 5 already warned you: the macro step,
the ordering, and the event placement remain your decisions, and practitioners report the
first as genuinely difficult [28]. FMI makes the models pluggable. It does not make the
coupling correct. There is research on monitoring at runtime whether master algorithms
are being used correctly [29], which tells you something about how easy it is to get wrong.

6.9 Worked example: choosing simulators for the greenhouse twin

Everything above, applied. The greenhouse: six pots, one controller, one reservoir, a
shared relay module, and Chapter 1’s diagnose value case with Chapter 2’s Stage 3 twin
on the roadmap.

Go through it component by component, using the chooser of Sec. 6.2 and justifying each
choice by the decision, never by the physics available.

6.9.1 The soil
What it is: one quantity changing smoothly over time. Chapter 4’s two-parameter model.
What solves it: numerical integration, Sec. 6.3.1.

Which rule? The model is small and smooth and the horizon is short. Even Chapter
5’s first-order rule is adequate at h = 15 minutes; a mid-range rule costs nothing extra
worth measuring and removes a class of question, so take one from the library rather than
writing the loop.

Is it stiff? No — one timescale, days. Sec. 6.3.2’s three symptoms are all absent. Record
that finding, because it is the answer to a question someone will ask in six months.

Do we resolve space? No. Sec. 6.3.4’s question, answered from the value metric: the
decision compares an expected step at one sensor against an observed one. A three-
dimensional soil model changes no decision and costs four orders of magnitude.
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6.9.2 The watering events
What it is: things happening at moments — doses, pump runs, coil occupancy.
What solves it: discrete-event execution, Sec. 6.4.1.

The design decision this forces, and it is the one from Sec. 6.3.2: do not put the 3.5-second
pump run into the continuous soil model. Doing so makes a non-stiff model stiff and
multiplies the step count by about nine hundred, to answer a question about days. Model
the pump run as an event that delivers a volume.

Is it random? In the open-loop twin, no: the schedule is fixed and known. Note this,
because it means Sec. 6.7 is not needed for the first increment.

6.9.3 The relay contention
What it is: four coils, six plants, concurrent requests.

What solves it: a Petri net would express it exactly, Sec. 6.4.3 — and it is worth being
honest that with four coils and six plants, a state machine or a queue in ordinary code is
very likely enough.

The judgement, and it is the general one: reach for the heavier formalism when
the question you want to ask is structural. “Can a watering request be starved
indefinitely?” is a question a Petri net answers by analysis and code answers by testing
and hoping. If nobody is asking that question, do not build it.

6.9.4 The estimator
What it is: one sensor, noisy, sampled every ten minutes, plus a model.

What solves it: the predict-correct cycle of Sec. 6.6, scalar, exactly the arithmetic of Sec.
6.6.2 — one state variable, so no matrices are involved even in the real implementation.

Kalman or particle? Kalman. The model is linear over the interval (Chapter 4’s A1),
which is the condition Sec. 6.6.3 named. A particle filter would cost a thousand times
more and answer the same question.

What we monitor: the gain, per Sec. 6.6.4. It is the twin’s own health indicator, and it is
free.

6.9.5 The what-if service, when it arrives

What it is: “if I skip tomorrow’s morning dose, what is the chance the pot drops below
50077

What solves it: Monte Carlo over the uncertain k and g, Sec. 6.7.

How many runs? Work it, per Sec. 6.7.3. A percentage point of precision on a roughly-10%
answer needs about 1,000 runs. At 672 steps and a microsecond a step, that is under a
second. No surrogate needed — which is the useful negative result, and it holds only
because Sec. 6.9.1 refused to resolve space.
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6.9.6 Do we need co-simulation?

The honest answer for the first increment: no. The soil model and the event handling are
both small enough to live in one service, written by one team, in one language. Chapter
5’s three decisions do not arise if there is nothing to couple.

What would change it: a supplier-provided pump model as an FMU; an agronomy group’s
soil model in Modelica; a controller model that must be the actual controller firmware
rather than a reimplementation. Any of the three brings Sec. 6.8, and with it the macro
step, the ordering, and a debugging story that spans two organisations.

The general lesson from Sec. 6.9, and it is the point of the whole chapter.
Every choice above was made by asking what the decision needed, and five of the six
answers were the cheaper option. A chapter that catalogues simulators can read as an
invitation to use them. It is the opposite: knowing what each family is for is mostly how
you find out you do not need it.

6.10 Faded example: the offshore turbine, solved

The turbine service from Chapters 3, 4 and 5: streaming vibration and temperature,
a hybrid model whose physics half accumulates fatigue and whose learned half maps
vibration to condition, a work order to a planner.

Worked, for the first two components.

The fatigue half. Continuous, over years, driven by irregular storm loading. Chapter 5
identified this as an adaptive-stepping case. Is it stiff? Judge by Sec. 6.3.2’s symptoms:
the timescales present are storm gusts (seconds) and fatigue accumulation (years) — nine
orders of magnitude, which is symptom 1 emphatically. The resolution is Sec. 6.9.2’s:
do not put the fast behaviour in the slow model. Summarise each storm into a loading
contribution and step the fatigue model on the slow timescale.

The structural response. This is where finite elements appear (Sec. 6.3.4) and where the
cost lands, which is why the literature on this exact application is full of surrogates and
reduced-order models [7], [21], [30].

Now it is your turn.

 (a) The condition of interest — crack length, bearing wear — is not measured by any
sensor, and vibration is. Name the component of Sec. 6.6 that bridges that gap,
and say why a Kalman filter may not be the right choice here. Use Sec. 6.6.3s
stated criterion, not your intuition.

e (b) The team proposes a particle filter with 2,000 particles, stepping every 10
minutes, where one model evaluation takes 30 milliseconds. Compute the wall-clock
cost per estimation step, and say whether it fits. Then name the Sec. 6.5 device
that would change the answer.

e (c) They want to answer “what is the probability the tower exceeds its fatigue limit
within five years?” to within two percentage points. Using Sec. 6.7.3, estimate the
number of runs, then use your answer to (b) to estimate the compute. State the
one thing that would make this feasible.
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e (d) The supplier ships the drivetrain model as an FMU. Ask the Sec. 6.8.2 question
and describe how each of the two answers changes the project.

Hint for (b): it is one multiplication, and the answer is decisive rather than marginal.

6.11 Posed problem: the simulator selection memo

A water utility wants a twin of a pumping station: four pumps, a wet well whose level
varies continuously, inflow that arrives as storm events, pumps that switch between off,
starting, running and faulted, a shared electrical supply with a limit on simultaneous
starts, and a regulator who requires the utility to demonstrate the probability of an
overflow in a design storm.

Write the simulator selection memo. For each part of the system, state:

1. Which row of Sec. 6.2’s chooser it falls under, and why.

2. What will solve it, and what you expect to dominate the cost.

3. Whether the parts should be one program or a co-simulation, with the Sec. 6.8.2
question answered for any external model.

4. For the regulator’s probability question specifically: the number of runs the stated
precision requires, the compute that implies, and what you would do if that number
is unaffordable.

There is no single right memo. There is a wrong one, and it is the memo that picks the
most capable option in every row.

6.12 Summary
Against the objectives.

1. Four words, four layers (Sec. 6.1). Method, algorithm, solver, simulator. Ask
which layer a proposed change touches; the estimates differ by orders of magnitude,
and the reproducibility record needs the solver, not the method.

2. The chooser (Sec. 6.2) maps model kinds to simulator families and to the question
to ask about each. Continuous physics is integrated step by step (Sec. 6.3); events
are executed from a queue (Sec. 6.4); expensive models get fast stand-ins (Sec. 6.5);
live measurements need an estimator (Sec. 6.6); uncertain inputs need many runs
(Sec. 6.7); and several at once need an orchestrator (Sec. 6.8).

3. Stiffness is a budget warning (Sec. 6.3.2). Behaviour on very different timescales
forces an explicit rule to step at the fastest — nine hundred times the work, in the
greenhouse. Three symptoms give it away, and the cheapest fix is to reformulate
the model rather than to buy a better solver.

4. State estimation is a weighted average (Sec. 6.6.2). Weight the model
prediction and the measurement by one over their spreads squared and combine:
the result is closer to whichever is more certain, and more certain than either. The
gain is the twin’s own health indicator, and it is free to monitor. Kalman when the
model is linear; a particle filter when it is not, at a thousand times the cost.
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5. Monte Carlo error falls as the square root of the run count (Sec. 6.7.3). A
percentage point on a 10% answer needs about a thousand runs; ten times better
needs a hundred thousand. Multiply by Chapter 5’s per-run cost and the architecture
decides itself — and Monte Carlo propagates only the uncertainty you stated.

The sentence to carry forward: knowing what each simulator family is for is
mostly how you discover you do not need it — and its companion, from Sec. 6.3.2,
reformulating the model beats buying a better solver.

6.13 Exercises
Objectives in brackets. Solutions and hints follow.

6.13.1 (Objective 1, easy). Classify each as method, algorithm, solver or simulator:
(a) “assume the rate is constant across the step”; (b) a commercial product that loads a
model file, runs it and plots results; (¢) a named library routine with a version number;
(d) a procedure that estimates its own error each step and halves the step if it is too big.

6.13.2 (Objective 2, easy). For each, name the chooser row and the family that
solves it: (a) the temperature profile through a furnace wall; (b) trolleys arriving at a
supermarket checkout; (c) a lift that is idle, moving or doors-open; (d) the same lift
plus three others contending for one shaft controller; (e) a wind-farm layout evaluated ten
thousand times by an optimiser.

6.13.3 (Objective 3, easy). A colleague reports that their model takes four hours to
simulate one day, and that the adaptive solver reports millions of steps overnight when
the plant is switched off. Name the likely diagnosis and the two things you would ask
next.

6.13.4 (Objective 4, medium). Redo Sec. 6.6.2’s arithmetic with the sensor’s spread
changed from 5 to 12, the model’s unchanged at 8. Compute the estimate, the combined
spread and the gain. Then say in one sentence what changed about the twin’s behaviour,
and which of Sec. 6.6.4’s three questions this makes concrete.

6.13.5 (Objective 5, medium). A what-if service must report the probability of a
threshold breach to within half a percentage point, where the probability is around 5%.
Compute the number of runs. At 2,000 steps per run and 50 microseconds per step,
compute the wall-clock time on one core and on 64 cores.

6.13.6 (Objective 2, medium). Sec. 6.9.3 declined to build a Petri net for four coils
and six plants. Construct a version of the greenhouse where that decision flips, and state
the question that forces it.

6.13.7 (Objective 3, medium). Sec. 6.3.2 says reformulating beats buying a better
solver “when you can do it”. Give one example from any system where you cannot —
where the fast behaviour genuinely must stay in the continuous model — and say what
you would do instead.

6.13.8 (Objectives 4 and 5, hard). Complete Sec. 6.10, parts (a) through (d).
6.13.9 (Objective 4, hard). Sec. 6.6.4’s second question asks what happens when a

measurement does not arrive. Design that behaviour for the demonstrator: what the
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estimator does, what happens to the spread, what Chapter 3’s actuation guard should do
as the spread grows, and what an operator sees. Then say how you would test it.

6.13.10 (Objectives 1 through 5, hard, open-ended). Do Sec. 6.11, the simulator
selection memo, in full.

Solutions and hints

6.13.1. (a) method; (b) simulator; (c¢) solver; (d) algorithm — note it is the bookkeeping
around a method, which is exactly Sec. 6.1’s distinction, and note also that two solvers
implementing this same algorithm will still differ in the last bits, which is why Chapter
5’s reproducibility record names the solver.

6.13.2. (a) Space as well as time — finite elements, Sec. 6.3.4; though a good answer
asks first whether one number per wall layer would do. (b) Discrete-event, Sec. 6.4.1,
and it is random, so Sec. 6.7 applies. (c) State machine, Sec. 6.4.2. (d) Petri net, Sec.
6.4.3 — the shared controller is the contended resource, and “can a lift wait forever?” is
the structural question that justifies it. (e) Surrogate, Sec. 6.5: ten thousand evaluations
is the many-query case those exist for.

6.13.3. Stiffness. Symptoms 2 and 3 of Sec. 6.3.2 are both present, and symptom 3 is
decisive — tiny steps while nothing physically happens is the signature. The two questions:
what is the fastest behaviour in the model, and does the decision depend on it? and is
the solver explicit or implicit? The first often produces a reformulation and the second a
one-line configuration change.

6.13.4. Weights: 1/64 = 0.015625 for the model, 1/144 = 0.006944 for the sensor. Es-
timate = (0.015625%636 + 0.006944*630) / 0.022569 = 634.2. Combined spread =
square root of (1/0.022569) = 6.66. Gain = 0.006944/0.022569 = 0.31. What
changed: the sensor is now the [ess trusted source, so the estimate sits close to the model
prediction and the twin has become model-dominated. This makes Sec. 6.6.4’s first
question concrete — a gain that has fallen to 0.31 is telling you something about the sensor,
and if it got there gradually, that is a sensor degrading in plain sight.

6.13.5. Runs: 0.05 * 0.95 / (0.005)7°2 = 0.0475 / 0.000025 = 1,900. Steps:
1,900 * 2,000 = 3.8 million. At 50 microseconds: 190 seconds on one core; about
3 seconds on 64 cores, since Monte Carlo is embarrassingly parallel (Sec. 6.7.2). The
interesting part is the ratio: this is a case where parallelism alone moves a service from
“batch job” to “inside a request”, with no modelling change at all.

6.13.6. Hint: scale it, or tighten the resource. Sixty plants and four coils, or a rule that
no two pumps may draw from the twelve-volt supply simultaneously, plus a requirement
that no plant may go more than 24 hours without water. The question that forces it is a
guarantee — “prove no plant can be starved” — rather than a measurement. Sec. 6.4.3’s
payoff is answering by analysis rather than by running and hoping.

6.13.7. Open. Strong answers involve control loops where the fast dynamics are the thing
being controlled (a switching power converter, an engine control loop) so summarising
them away discards the phenomenon of interest. The fallback is then the numerical one:
an implicit solver, and budgeting for the cost — plus the honest recognition that this is
where Sec. 6.5’s surrogates start to look attractive.
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6.13.8. Partial. (a) The state estimator, Sec. 6.6 — the condition is inferred, not measured,
which is the estimator’s whole purpose. A Kalman filter may be wrong here by Sec. 6.6.3’s
stated criterion: crack growth and the vibration-to-condition map are not linear, and the
criterion is linearity, not difficulty. (b) 2,000 particles * 30 ms = 60 seconds per
estimation step, against a step every 10 minutes. It fits, with a factor of ten to spare —
decisive rather than marginal, as the hint said, and worth noticing that “it fits” was not
obvious before the multiplication. The Sec. 6.5 device is a surrogate, which would move
the factor from ten to thousands. (c) 0.5%0.5/(0.02)"2 = 625 runs, using the worst
case p = 0.5 since the answer is unknown; five simulated years per run at whatever the
fatigue model costs. The one thing that makes it feasible is a surrogate — the same answer
as (b), which is the point. (d) is yours.

6.13.9. Hint: the estimator predicts without correcting, so its spread grows every step —
which is the mechanism Chapter 2’s age-of-twin needed and never had. Chapter 3’s guard
should refuse to command once the spread exceeds a stated bound, and the bound should
be derived from the decision (Chapter 5’s Sec. 5.7.4 reasoning). The operator sees the
growing spread before the refusal, not at it. Testing: replay (Chapter 5, Sec. 5.5.2) with a
gap cut out of the input stream, asserting that the spread grows monotonically and that
the guard refuses at the right point.

6.13.10. Hint: no solution, but a test. Count how many rows of your memo chose the
cheaper option. If it is none, re-read Sec. 6.9’s closing paragraph. And check that your
answer to item 4 states what you would do if the number is unaffordable — “run fewer” is
a legitimate answer only if you also say what precision it buys.

6.14 Where to go next

In this book. Chapter 7 is the chapter this one has been deferring to throughout:
whether any of this deserves to be believed — calibration, verification, validation, and the
credibility argument Chapter 2 said arrives with the command path. Chapter 8 closes
Part II by taking the data-driven family seriously as a risk. Then Part III builds: Chapter
9 the connector, Chapter 10 the store, Chapter 11 the services whose real-time factors
Chapter 5 derived and whose optimisation runs Sec. 6.7 sized, Chapter 12 the platforms
and tools this chapter named without recommending, Chapter 13 the standards including
FMI.

In the literature.

o The closest single reference to this chapter: [6] covers physics-based models from
rates to space, discrete formalisms, hybrid execution and FMI-based co-simulation,
worked on an incubator; [5] is the containing book. [4] is the deeper treatment,
including a Modelica chapter and a discrete-event-formalism chapter.

o State estimation: [17] is a tutorial derivation of the Kalman filter aimed specifically
at twins; [18] is a validated production deployment on a full-scale floating wind
turbine; [14] compares Kalman and particle filters and explains why particle filters
pair with surrogates; [19] surveys both in predictive maintenance and states the
linearity criterion; [20] compares them on battery life; [31] treats estimation and
online calibration together.

23



Uncertainty and Monte Carlo: [15] is the dedicated treatment for twins; [16] on scaling
principled updating to a fleet; [22] for a clinical twin using posterior trajectories for
risk-aware decisions; [21] and [7] for structural applications; [23] for what remains
unsolved.

Surrogates and reduced-order models: [13], [3], and [32] for the probabilistic-machine-
learning side.

Discrete formalisms in twins: [8] for discrete-event and Petri-net methods in manu-
facturing twins; [9] for formalism selection as an explicit design stage; [10] for the
white-to-black scale of modelling techniques; [11] for behaviour patterns; [12] for
data assimilation extended to discrete-event and agent-based models.
Co-simulation and FMI: [25] for the model-exchange versus co-simulation split in the
clearest terms; [24] for a concrete master implementation; [28] for what practitioners
find hard; [26] and [27] for open frameworks built on FMI; [33] for a worked multi-
domain case; [2] for coupling an equation-based tool to a legacy one; [29] for runtime
monitoring of master algorithms.

Consulted, not drawn on above: [1] on solver choice and control representation, [34]
as a tutorial companion, [35] for time discrepancy (Chapter 5), [36] on models that
learn their own structure, [37] on updating a finite-element twin from measurements,
[38] on combining information sources across a wind farm, [39] on uncertainty in
evolving twins, and [40] on testing twins systematically.

In the demonstrator. Take the loop you wrote after Chapter 5 and add the six lines of
Sec. 6.6.2 to it: predict with the model, then combine with the next reading using the
weighted average. Plot the raw readings, the model prediction and the combined estimate
on the same axes. The estimate should sit between the other two and be visibly smoother
than the readings. That picture is what every state estimator in this chapter is doing,
and you will have built one without any matrices.
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